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EMBEDDINGS OF UNIFORM ROE ALGEBRAS
BRUNO M. BRAGA, ILIJAS FARAH, AND ALESSANDRO VIGNATI
Abstract. In this paper, we study embeddings of uniform Roe alge-
bras. Generally speaking, given metric spaces X and Y , we are inter-
ested in which large scale geometric properties are stable under embed-
ding of the uniform Roe algebra of X into the uniform Roe algebra
of Y .
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1. Introduction
Given a metric space X, one can define its uniform Roe algebra, denoted
by C∗u(X). In a nutshell, the uniform Roe algebra of X is the C
∗-subalgebra
of B(ℓ2(X)) consisting of the norm closure of the algebra of finite propagation
operators (see Definition 2.1 for details). A version of this algebra was
introduced by J. Roe in order to study the index theory of elliptical operators
on noncompact manifolds [16, 17]; later the study of these algebras was
boosted due to its intrinsic relation with the coarse Baum-Connes conjecture
and, consequently, with the Novikov conjecture [29]. More recently, uniform
Roe algebras (as well as Roe algebras) and its K-theory have also been
used as a framework in mathematical physics to study the classification of
topological phases and the topology of quantum systems – in this setting,
K0(C
∗
u(X)) can be interpreted as the set of controlled topological phases
[8, 13].
These notes deal with the problem of rigidity of uniform Roe algebras un-
der embeddings. Precisely, the rigidity problem for isomorphism of uniform
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Roe algebras – i.e., the problem whether isomorphism between C∗u(X) and
C∗u(Y ) implies coarse equivalence between X and Y – has been studied by
several authors [3, 4, 24], and, under some geometric assumptions on the
metric spaces, many positive results were obtained. Our goal in this paper
is to study what can be said about the large scale geometry of a metric
space X given that C∗u(X) embeds into the uniform Roe algebra of a metric
space Y . Just as in the isomorphism case, some geometric assumptions will
be necessary.
Let X be a uniformly locally finite metric space (we refer the reader to
§2 for definitions). An operator a ∈ B(ℓ2(X)) is a ghost if for all ε > 0 there
exists a finite A ⊂ X such that |〈aδx, δy〉| < ε for all x, y ∈ X \ A – here
(δx)x∈X denotes the standard unit basis of ℓ2(X). Clearly, every compact
operator is a ghost, and a uniformly locally finite metric space has property
A if and only if all ghosts in C∗u(X) are compact [19, Theorem 1.3].
Property A represents the usual regularity condition given on X when
studying uniform Roe algebras. Notably, for uniformly locally finite spaces,
it is equivalent to amenability of the C∗-algebra C∗u(X) [22, Theorem 5.3].
In these notes we will often assume geometrical properties which are strictly
weaker than property A itself. The main one relies on the following defini-
tion.
Definition 1.1. Let (X, d) be a metric space.
1. The space X is sparse if there exists a partition X =
⊔
n∈NXn of X
into finite subsets such that d(Xn,Xm)→∞ as n+m→∞.
2. The space X yields only compact ghost projections if every ghost pro-
jection in C∗u(X) is compact.
In this paper we will often use the following condition: all of the sparse
subspaces of X yield only compact ghost projections. Although technical,
this property is quite general. The diagram below illustrates how it sits
among some “classic” large scale properties.
Property A
tt✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
++❱
❱❱
❱❱
❱❱
❱❱
❱❱
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Ghost projections
are compact
))❘
❘❘
❘❘
❘❘
❘
Coarse embeddability
into a Hilbert space
uu❦❦
❦❦
❦❦
❦❦
❦
All sparse subspaces
yield only compact
ghost projections
Figure 1. Relation between some geometric properties on
a uniformly locally finite metric space X.
The arrow in the top left of the diagram above follows straightforwardly
from the characterization of property A given above, and the top right arrow
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follows from [29, Theorem 2.2]. Both those arrows do not reverse, see [1,
Theorem 1.1] and [19, Theorem 1.4]. The bottom left arrow follows straight
from the definitions, while the right bottom arrow is a consequence of [10,
Proposition 35] (see [3, Lemma 7.3] for details). We do not know whether
the bottom arrows reverse.
In order to better understand our results on embeddings of uniform Roe
algebras, it is important to recall the state-of-the-art regarding the rigidity
of uniform Roe algebras under isomorphisms. It was proved in [24, Theorem
4.1] that if C∗u(X) is isomorphic to C
∗
u(Y ), then X and Y are coarsely equiv-
alent provided the metric spaces have property A. This result was strength-
ened in [3, Corollary 1.2 and Corollary 1.3] for metric spaces which coarsely
embed into a Hilbert space and for metric spaces yielding only compact
ghost projections. Although not explicitly written, it follows from [3] that
the same holds with the (formally) weaker assumption that all the sparse
subspaces of the metric spaces yield only compact ghost projections.
A key ingredient for the rigidity results above is to notice that, given an
isomorphism Φ: C∗u(X) → C
∗
u(Y ), there exists a unitary U : ℓ2(X)→ ℓ2(Y )
such that Φ(a) = UaU∗ for all a ∈ C∗u(X) (see [24, Lemma 3.1]). From this,
one shows that (i) Φ is rank preserving, i.e., Φ sends minimal projections
to minimal projections, and (ii) Φ is strongly continuous. Those properties
play an essential role in the proofs of the rigidity theorems mentioned above.
Unfortunately a nonsurjective Φ does not automatically satisfy neither (i)
nor (ii), therefore we will need to substantially change our approach.
We now describe the main results in our paper. As we see below (Propo-
sition 2.4), embeddability of a uniform Roe algebra C∗u(X) into C
∗
u(Y ) does
not imply coarse embeddability of X into Y – even under strong geomet-
ric conditions on X and Y . However, assuming the embedding is compact
preserving, i.e., Φ(a) is compact for all compact a ∈ C∗u(X), we obtain the
following (part (1) is trivial, and in fact holds for all metric spaces X and
Y ).
Theorem 1.2. Let X and Y be uniformly locally finite metric spaces and
assume that all the sparse subspaces of Y yield only compact ghost projec-
tions.
1. If there exists an injective coarse map X → Y , then C∗u(X) embeds
into C∗u(Y ).
2. If C∗u(X) embeds into C
∗
u(Y ) by a compact preserving map, then there
are k ≥ 1 and a partition X =
⊔k
n=1Xn so that for all n ∈ {1, . . . , k}
there exists an injective coarse map Xn → Y .
1
If we furthermore assume that the embedding C∗u(X) → C
∗
u(Y ) in The-
orem 1.2 (2) is rank preserving, then there exists a coarse map f : X → Y
1Recall, a coarse map f : (X, d) → (Y, ∂) is a map so that for all s > 0 there exists
r > 0 such that d(x, y) < s implies ∂(f(x), f(y)) < r. See §2.
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which is uniformly finite-to-one, i.e., supy∈Y |f
−1({y})| < ∞ (see Theorem
5.4).
The next corollary is the main motivation for Theorem 1.2. It shows
that we have an interesting large scale geometry preservation phenomenon
happening in case of an embedding C∗u(X)→ C
∗
u(Y ).
Corollary 1.3. Let X and Y be uniformly locally finite metric spaces and
assume that C∗u(X) embeds into C
∗
u(Y ) by a compact preserving map. Then
1. asydim(X) ≤ asydim(Y ),
2. if Y has property A, so does X, and
3. if Y has finite decomposition complexity (see §5.2), then so does X.
Furthermore, we obtain stronger conclusions by strengthening the hy-
pothesis on the structure of the embedding Φ: C∗u(X)→ C
∗
u(Y ). As already
noted, to apply strategies similar to the ones used in the isomorphism’s
setting, one has to assume that Φ is both rank preserving and strongly con-
tinuous. Such hypotheses are satisfied in case the image of Φ is a hereditary
C∗-subalgebra of C∗u(Y ) (see Lemma 6.1).
Theorem 1.4. Let X and Y be uniformly locally finite metric spaces such
that C∗u(X) is isomorphic to a hereditary C
∗-subalgebra of C∗u(Y ). Then
(i) If all the sparse subspaces of Y yield only compact ghost projections,
then X coarsely embeds into Y .
(ii) If, in addition, Y has property A, then X coarsely embeds into Y by
an injective map.
Theorem 1.4 can be used to improve results on the rigidity of uniform
Roe algebras under isomorphisms. Precisely, [3, Corollary 1.2] shows that if
X and Y are uniformly locally finite metric spaces with isomorphic uniform
Roe algebras, then, if both X and Y coarsely embed into a Hilbert space,
X and Y are coarsely equivalent. The next corollary shows that one only
needs to require one of the metric spaces to coarsely embed into a Hilbert
space.
Corollary 1.5. Suppose that X and Y are uniformly locally finite metric
spaces and Y coarsely embeds into a Hilbert space. If C∗u(X) and C
∗
u(Y ) are
isomorphic, then X and Y are coarsely equivalent.
This paper is organized as follows. §2 is dedicated to notation and ter-
minology. Also, we present an example of uniformly locally finite metric
spaces X and Y so that C∗u(X) embeds into C
∗
u(Y ) by a rank preserving
strongly continuous ∗-homomorphism but X does not coarsely embed into
Y (Proposition 2.4), and we show that asymptotic dimension is stable under
maps which are coarse and uniformly finite-to-one (Proposition 2.5). In §3,
we continue the study of coarse-like maps (see Definition 3.2) introduced
in [3, 4] and show that if Y has property A, then every strongly contin-
uous linear map C∗u(X) → C
∗
u(Y ) is coarse-like. For this, we introduce a
quantitative version of quasi-local operators (see Definition 3.5).
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In §4, we show that one can often assume that an embedding C∗u(X) →
C∗u(Y ) is strongly continuous (Theorem 4.3). This result is essential in §5,
where we prove Theorem 1.2 and Corollary 1.3. In §6, we study isomor-
phisms between uniform Roe algebras and hereditary subalgebras of uniform
Roe algebras and prove Theorem 1.4.
Most of the results in this paper make use of the geometric property of all
sparse subspaces yielding only compact ghost projection. In §7, we discuss
a variation of this property and show that it is a coarse invariant. At last,
in §8, we pose many natural questions which are left open.
2. Preliminaries
2.1. Uniform Roe algebra. Given a Hilbert space H, we denote the space
of bounded operators on H by B(H) and its ideal of compact operators by
K(H). Given a set X, the Hilbert space of square summable complex-valued
families indexed byX is denoted by ℓ2(X), and (δx)x∈X denotes its canonical
basis. The support of a ∈ B(ℓ2(X)) is defined as
supp(a) = {(x, y) ∈ X ×X | 〈aδx, δy〉 6= 0}.
Let ∆X = {(x, x) ∈ X × X | x ∈ X}. Then ℓ∞(X) is naturally identified
with the subalgebra {a ∈ B(ℓ2(X)) | supp(a) ⊆ ∆X} of B(ℓ2(X)). Given
x, y ∈ X, we define an operator exy ∈ B(ℓ2(X)) by
exyδz = 〈δz, δx〉δy
for all z ∈ X. Given A ⊆ X, we write χA =
∑
x∈A exx.
Let (X, d) be a metric space. Given r > 0 and a ∈ B(ℓ2(X)), we say that
a has propagation at most r, denoted by prop(a) ≤ r, if 〈aδx, δy〉 = 0 for all
x, y ∈ X with d(x, y) > r. An operator a ∈ B(ℓ2(X)) has finite propagation
if prop(a) ≤ r for some r > 0.
Definition 2.1. Let (X, d) be a metric space. The uniform Roe algebra of
X, denoted by C∗u(X), is the closure of the operators in B(ℓ2(X)) of finite
propagation. So, C∗u(X) is a C
∗-algebra
Results about uniform Roe algebras are often restricted to the class of
uniformly locally finite metric spaces. Recall, a metric space (X, d) is called
uniformly locally finite2 (abbreviated u.l.f. from now on) if supx∈X |Br(x)| <
∞ for all r > 0. Note that all u.l.f. spaces are countable.
2.2. Geometric properties.
Definition 2.2. Let n ∈ N. A metric space (X, d) has asymptotic dimension
at most n if for all R > 0 there exist U0, . . . ,Un ⊆ P(X) such that
1. X =
⋃n
i=0
⋃
U∈Ui
U ,
2. d(U,U ′) > R for all i ≤ n and all distinct U,U ′ ∈ Ui, and
3. supU∈Ui diam(U) <∞ for all i ≤ n.
2This property for metric spaces is often called bounded geometry in the literature.
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Although some of our results use Yu’s property A, we do not make use
of it per se. We use instead the operator norm localization property. As
shown in [21, Theorem 4.1], this property is equivalent to property A for
u.l.f. metric spaces. For this reason, we chose not to present a definition
of property A in these notes and we simply refer the interested reader to
[29, Definition 2.1] (or [15, Chapter 4]). Given a vector ξ ∈ ℓ2(X), write
supp(ξ) = {x ∈ X | 〈ξ, δx〉 6= 0}.
Definition 2.3. A metric space X has the operator norm localization prop-
erty (ONL for short) if for all r > 0 and all ε > 0 there exists s > 0 such that
for every a ∈ C∗u(X) with prop(a) ≤ r there exists a unit vector ξ ∈ ℓ2(X)
with diam(supp(ξ)) ≤ s so that ‖aξ‖ ≥ (1− ε)‖a‖.
For the sake of curiosity, given a u.l.f. metric space X, X has property A
if and only if C∗u(X) is a nuclear C
∗-algebra [22, Theorem 5.3].
2.3. Coarse geometry of metric spaces. Let (X, d) and (Y, ∂) be metric
spaces and f : X → Y be a map. The map f is called coarse if
sup{∂(f(x), f(y)) | d(x, y) ≤ r} <∞
for all r > 0, and f is called expanding if
lim
r→∞
inf{∂(f(x), f(y)) | d(x, y) ≥ r} =∞.
If f : X → Y is both coarse and expanding, f is said a coarse embedding.
It is well known that asymptotic dimension, property A and finite decom-
position complexity (FDC) are stable under coarse embeddings (the FDC
is discussed in §5.2, see also [15, Definition 2.7.3]). Precisely, if X coarsely
embeds into Y , then asydim(X) ≤ asydim(Y ) and, if Y has Property A
(FDC), then so does X (see [15, Proposition 2.2.4, Theorem 2.2.5, and The-
orem 2.8.4]).
2.4. Embedding of uniform Roe algebras does not imply coarse
embeddability. We now show that the question about rigidity of uniform
Roe algebras under embeddings has a negative answer. Mimicking the re-
sults obtained for isomorphisms (at least in the property A case, where two
uniform Roe algebras are isomorphic if and only if the associated spaces
are bijectively coarse equivalent, see [4, Theorem 1.11]), one is tempted to
conjecture that C∗u(X) embeds into C
∗
u(Y ) if and only if X coarsely embeds
into Y . We now show that, while one direction always holds, if there is
no assumption on the image of an embedding C∗u(X) → C
∗
u(Y ), then one
cannot conclude that X coarsely embeds into Y . First, we prove the trivial
part of Theorem 1.2.
Proof of Theorem 1.2 (1). Suppose f : X → Y is an injective coarse map.
Define Φ: C∗u(X) → B(ℓ2(Y )) by
〈Φ(a)δy, δy′〉 =
{
〈aδx, δx′〉 if f(x) = y and f(x
′) = y′
0 else
.
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Since f is injective, so is Φ. Fix r < ∞ and R < ∞ such that d(x, x′) ≤ r
implies ∂(f(x), f(x′)) ≤ R. If a ∈ C∗u(X) has propagation r, then Φ(a) has
propagation R, hence Φ maps the algebraic uniform Roe algebra of X into
the algebraic uniform Roe algebra of Y . Since Φ is a ∗-homomorphism, it
maps C∗u(X) into C
∗
u(Y ). 
Proposition 2.4. Then there are u.l.f. metric spaces X and Y with as-
ymptotic dimension 1 such that C∗u(X) embeds into C
∗
u(Y ) by a strongly
continuous rank preserving ∗-homomorphism, but X does not coarsely em-
bed into Y .
Proof. Let X = Z and Y = N with the usual metrics. Then f : Z → N
defined by f(n) = 2n if n ≥ 0 and f(n) = 2|n| − 1 if n < 0 is an injective
coarse map, and therefore C∗u(Z) embeds into C
∗
u(N) by Theorem 1.2(1).
Note that the embedding is both strongly continuous and rank preserving.
It is well-known that Z does not coarsely embed into N: Otherwise, suppose
ϕ : Z → N is a coarse embedding. Let r < ∞ be such that |m − n| ≤ 1
implies |ϕ(m) − ϕ(n)| ≤ r. Then for every m ≥ 0 there exist k ∈ N such
that |ϕ(m) − k| ≤ r and n < 0 such that |ϕ(n) − k| ≤ r. This implies that
ϕ cannot be expanding. 
Although Proposition 2.4 shows that rigidity of uniform Roe algebras
under embeddings does not hold, the spaces N and Z are still very “similar”.
For instance, they both have asymptotic dimension equal to 1. See §8 for a
discussion of related open problems.
The following generalizes the fact that asymptotic dimension is mono-
tone with respect to coarse embeddings and it will be used to obtain Corol-
lary 1.3(1).
Proposition 2.5. Let (X, d) and (Y, ∂) be metric spaces and assume that
(X, d) is u.l.f.. If there exists a uniformly finite-to-one coarse map f : Y →
X, then
asydim(Y, ∂) ≤ asydim(X, d).
In particular, if d ≤ ∂ then asydim(X, ∂) ≤ asydim(X, d).
Proof. If asydim(X, d) =∞, the result is trivial. Suppose asydim(X, d) ≤ n,
for some n ∈ N. Fix R > 0. Since f is coarse, there exists S > 0 such that
d(f(y), f(y′)) > S implies ∂(y, y′) > R. By the definition of asymptotic
dimension, there are U0, . . . ,Un ⊆ P(X) such that
1. X =
⋃n
i=0
⋃
U∈Ui
U ,
2. d(U,U ′) > S, for all i ≤ n, and all distinct U,U ′ ∈ Ui, and
3. supU∈Ui diam(U) <∞ for all i ≤ n.
Since (X, d) is u.l.f., there exists N ∈ N such that
sup
U∈Ui
|U | < N, for all i ≤ n.
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For each i ≤ n and U ∈ Ui, let U˜ = f
−1(U) ⊆ Y . Since f is uniformly
finite-to-one, we have that
M = sup
i≤n
sup
U∈Ui
|U˜ | <∞.
Claim 2.6. Let (E, d) be a metric space and V ⊆ E with |V | ≤ M . For
all R > 0, there exist k ≤ M and V1, . . . , Vk ⊆ V such that V =
⋃k
i=1 Vk,
∂(Vi, Vj) > R for all i 6= j, and diam(Vi) ≤MR for all i ≤ k.
Proof. If diam(V ) ≤ MR, let k = 1 and V1 = V . If diam(V ) > MR, there
exists a partition V = V1 ⊔ V2 such that d(V1, V2) > R. If diam(Vi) ≤ MR
for i ∈ {1, 2}, we are done. If not, continue this procedure until we are
done. 
For each i ≤ n and U ∈ Ui, let k(i, U) and V
U
1 , . . . , V
U
k(i,U) be given by
Claim 2.6. Let
Vi = {V
U
j | U ∈ Ui, j ≤ k(i, U)}.
So, supV ∈Vi diam(V ) ≤ MR for all i ≤ n. By our choice of S, it follows
that ∂(V, V ′) > R, for all i ≤ n, and all distinct V, V ′ ∈ Vi. Since R was
arbitrary, this shows that asydim(Y, ∂) ≤ n.
For the last statement, note that the identity map (X, ∂) → (X, d) is
coarse if d ≤ ∂. 
3. Coarse-like maps and quasi-locality
A map between uniform Roe algebras is said coarse-like if, essentially,
maps finite propagation operators close to finite propagation operators in a
uniform way (see Definition 3.2). Such maps were introduced formally in
[4, Definition 3.2], but were already studied in [3] where it was proved that
strongly continuous linear maps Φ: C∗u(X) → C
∗
u(Y ) which are compact
preserving must be coarse-like. The goal of this section is to discuss several
results about coarse-like maps.
Given that operators in C∗u(X) are arbitrarily close to finite propagation
operators, the following definition, implicit in [3, Theorem 4.4] and formally
introduced in [4, Definition 3.2], helps us measuring quantitatively this fact.
Definition 3.1. Let X be a metric space, ε > 0, and k ∈ N. An operator
a ∈ B(ℓ2(X)) can be ε-k-approximated if there exists b ∈ B(ℓ2(X)) with
propagation at most k such that ‖a− b‖ ≤ ε.
Definition 3.2. Let X and Y be metric spaces, A ⊆ C∗u(X) and Φ: A →
C∗u(Y ) be a map. We say that Φ is coarse-like if for all m ∈ N and all
ε > 0 there exists k ∈ N such that Φ(a) can be ε-k-approximated for every
contraction a ∈ A with prop(a) ≤ m.
The following was essentially proved in [3] (compare this with [3, Theorem
4.4] and [4, Proposition 3.3]). For us D ⊆ C is the closed unit disk.
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Proposition 3.3. Let X and Y be u.l.f. metric spaces, and let Φ: C∗u(X)→
C∗u(Y ) be a compact preserving strongly continuous linear map. Then Φ is
coarse-like.
Proof. Fix ε > 0, m ∈ N, and let
E = {(x, y) ∈ X ×X | d(x, y) ≤ m}.
Since elements supported on E have finite propagation, we have that∑
(x,x′)∈E
λx,x′exx′ = SOT- lim
F⊆E,|F |<∞
∑
(x,x′)∈F
λx,x′exx′ ∈ C
∗
u(X),
for every λ¯ = (λxx′)(x,x′)∈E ∈ D
E. The hypotheses on Φ imply that
1. Φ(exx′) is a finite rank operator for all x, x
′ ∈ X, and
2. for all λ¯ ∈ DE ,
bλ¯ := Φ(
∑
(x,x′)∈E
λxx′exx′) = SOT- lim
F⊆E,|F |<∞
∑
(x,x′)∈F
λxx′Φ(exx′)
belongs to C∗u(Y ).
By [3, Lemma 4.9] there is k ∈ N such that bλ¯ can be ε-k-approximated
for all λ¯ ∈ DE. Since every contraction with propagation at most m can
be written as
∑
(x,x′)∈E λx,x′exx′ for some λ¯ ∈ D
E , we conclude that Φ is
coarse-like. 
For the remainder of this section, we work towards proving the following.
Theorem 3.4. Let X and Y be u.l.f. metric spaces, and let Φ: C∗u(X) →
C∗u(Y ) be a strongly continuous linear map. If Y has property A, then Φ is
coarse-like.
Our proof of Theorem 3.4 relies on a recent result which states that if X
has property A, then operators in C∗u(X) correspond to quasi-local operators
[26, Theorem 3.3]. Let us introduce this new concept as well as a quantitative
version of it.
Definition 3.5. Let (X, d) be a metric space.
1. Let ε > 0 and s ∈ N. An operator a ∈ B(ℓ2(X)) is ε-s-quasi-local if
‖χAaχB‖ ≤ ε for all A,B ⊆ X with d(A,B) > s.
2. An operator a ∈ B(ℓ2(X)) is quasi-local if for all ε > 0 there exists
s > 0 such that a is ε-s-quasi-local.
We need a more quantitative version of [26, Theorem 3.3] for our goals,
as we need to understand the link between ε-s-approximated operators and
ε-s-quasi-local operators.
Lemma 3.6. Let X be a metric space with property A. For all ε > 0 and r >
0, there exists δ = δ(ε) > 0 and m = m(ε, r) > 0 such that every ε-r-quasi-
local contraction in B(ℓ2(X)) can be δ-m-approximated and limε→0+ δ(ε) =
0. Moreover, one can take δ(ε) = 432(ε/9)1/3.
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Proof. This is implicit in the proofs of [23, Theorem 2.8], [25, Lemma 6.3],
and [26, Theorem 3.3]. Following [26, §3], given δ > 0 and L > 0, let
Comm(L, δ) = {a ∈ B(ℓ2(X)) | (b ∈ ℓ∞(X),Lip(b) ≤ L)⇒ ‖[a, b]‖ < δ ‖b‖},
where Lip(b) denotes the Lipschitz constant of b as a map b : X → C.
Fix ε > 0, r > 0 and an ε-r-quasi-local contraction b ∈ B(ℓ2(X)). The
proof of the implication (ii)⇒(i) of [23, Theorem 2.8] with
δ = 18
(ε
9
)1/3
and L =
1
2r
(ε
9
)1/3
gives b ∈ Comm(L, δ). Since X has property A, [26, Lemma 5.2]3 gives us
that there exists s > 0 such that for all a ∈ B(ℓ2(X)) with ‖a‖ ≤ 2 and
a ∈ Comm(L, 2δ), there exists ξ ∈ ℓ2(X) with diam(supp(ξ)) ≤ s and so
that ‖aξ‖ ≥ ‖a‖− 12δ. Since X is u.l.f., K = supx∈X |Bx(s+1/L)| is finite.
We now follow the proof of the implication (i)⇒(iv) of [26, Theorem 3.3].
Since X has property A, [28, Theorem 1.2.4] implies that there exists a
sequence of maps (ϕi : X → [0, 1])i∈N such that
1. supx∈X |{i ∈ N | ϕi(x) 6= 0}| <∞,
2. supi∈N diam(supp(ϕi)) <∞,
3.
∑
i∈N ϕi(x)
2 = 1 for all x ∈ X, and
4.
∑
i∈N |ϕi(x) − ϕi(y)|
2 < 36δ2/K2 for all x, y ∈ X with d(x, y) ≤
s+ 1/L.
The sequence (ϕi)i∈N is called ametric 2-partition of unit with (s+1/L, 6δ/K)-
variation (see [25, Definition 6.1]). Considering (ϕi)i∈N as a sequence of
contractions in ℓ∞(X), [25, Lemma 6.3] gives us that the sum
b′ =
∑
i∈N
ϕibϕi
converges in the strong operator topology to a bounded operator. By the
proof of (i)⇒(iv) of [26, Theorem 3.3] we have that ‖b− b′‖ ≤ 24δ.
At last, it follows straightforwardly from the definition of b′ that
prop(b′) ≤ sup
i∈N
diam(supp(ϕi)).
Notice that m = supi∈N diam(supp(ϕi)) depends only on s, L, δ and K, and
therefore only on ε and r. This finishes the proof. 
The following is essentially [3, Lemma 4.7]. We include a proof for the
reader’s convenience.
Lemma 3.7. Suppose X is a metric space, ε > 0, and m ∈ N. Let (ai)i∈N ⊆
B(ℓ2(X)) be a sequence which converges strongly to a ∈ B(ℓ2(X)). If a
cannot be ε-m-approximated, then ai cannot be ε-m-approximated for all
large enough i.
3In [26, Lemma 5.2] X is assumed to have the metric sparsification property, but this is
equivalent to property A for u.l.f. metric spaces (see [7, Propositioshn 4.1], [5, Proposition
3.2 and Theorem 3.8] and [21, Theorem 4.1]).
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Proof. Suppose otherwise. Then for every i ∈ N there exists bi ∈ B(ℓ2(X))
with prop(bi) ≤ m such that ‖bi − ai‖ ≤ ε. Let M = supi∈N ‖ai‖, so that
‖bi‖ ≤M + ε for all i ∈ N. By going to a subsequence if necessary, we may
assume that (bi)i∈N converges to some b ∈ B(ℓ2(X)) in the weak operator
topology. Since for all m ∈ N the set of elements of propagation at most m
is weakly closed, then prop(b) ≤ m. Then (ai)i∈N and (bi)i∈N converge in
the weak operator topology to a and b, respectively, and ‖ai − bi‖ ≤ ε for
all i ∈ N, which implies ‖a− b‖ ≤ ε. 
The next lemma should be thought as a tool to obtain contradictions. It
will be used in the proof of Theorem 4.3.
Lemma 3.8. Let (X, d) be a metric space and {an}n ⊆ B(ℓ2(X)) be quasi-
local operators such that
∑
n∈M an converges is the strong operator topology
to a quasi-local element in B(ℓ2(X)) for all M ⊆ N. Then for every ε > 0
there exists n ∈ N such that an is ε-n-quasi-local.
Proof. Let ε > 0 and assume for a contradiction that an is not 2ε-n-quasi-
local for all n ∈ N. We construct an increasing sequence (mi)i ⊆ N and
sequences (Ai)i, (Bi)i ⊆ X of finite subsets with
1. d(Ai, Bi) > mi for all i ∈ N,
2. ‖χBiamiχAi‖ > 2ε for all i ∈ N, and
3. ‖χBiamjχAi‖ < 2
−jε for all j 6= i.
We do so by induction. Let m1 = 1. Since am1 is not 2ε-m1-quasi-
local, pick A1, B1 ⊆ X such that d(A1, B1) > m1 and ‖χB1am1χA1‖ > 2ε.
Without loss of generality, A1 and B1 are finite. Suppose mi, Ai and Bi
have been chosen for all i ≤ k. Pick s > 0 large enough so that ami
is (2−k−1ε)-s-quasi-local for all i ∈ {1, . . . , k}. Let F =
⋃k
i=1(Ai ∪ Bi).
Since F is finite and
∑
i∈N ai is strongly convergent, there exists mk+1 >
max{mk, s} such that ‖amk+1χF‖ < 2
−k−1ε. Since amk+1 is not 2ε-mk+1-
quasi-local, pick Ak+1, Bk+1 ⊆ X such that d(Ak+1, Bk+1) > mk+1 and
‖χBk+1amk+1χAk+1‖ > 2ε. Again without loss of generality, Ak+1 and Bk+1
are finite, and this completes the induction.
By our choice of (mi)i, (Ai)i and (Bi)i, we have that∥∥∥χBi(∑
j
amj
)
χAi
∥∥∥ ≥ ‖χBjamjχAj‖ − ∑
j∈N\{i}
‖χBiamjχAi‖ ≥ ε
for all i ∈ N. Since limi d(Ai, Bi) = ∞, this implies that
∑
j amj is not
quasi-local, a contradiction. 
What follows is a strengthening of [3, Lemma 4.9] in the property A metric
setting.
Lemma 3.9. Let X be a u.l.f. metric space with property A and let (ai)i∈N
be a sequence of operators in C∗u(X) such that
∑
i∈N λiai converges in the
strong operator topology to an element in C∗u(X) for all (λi)i ∈ D
N. Then for
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all δ > 0 there exists m ∈ N such that
∑
i∈N λiai can be δ-m-approximated
for all (λi)i ∈ D
N.
Proof. Suppose the result fails for δ > 0. So for all m ∈ N there exists
(λi)i ∈ D
N such that
∑
i∈N λiai cannot be δ-m-approximated.
For each n ∈ N define
Wn = {(λi)i ∈ D
N | ∀i ≥ n(λi = 0)}
and
Qn = {(λi)i ∈ D
N | ∃ℓ ∈ N(λi 6= 0⇒ i ∈ [n+ 1, ℓ])}.
Claim 3.10. For all m,n ∈ N there exists (λi)i ∈ Qn such that
∑
i∈N λiai
cannot be δ/2-m-approximated.
Proof. Suppose the claim fails for m,n ∈ N. Then
∑
i∈N λiai can be δ/2-m-
approximated for all (λi)i ∈ Qn. Notice that{∑
i
λiai ∈ C
∗
u(X) | (λi)i ∈Wn
}
is compact in the norm topology. Hence, by the metric instance of [3, Lemma
4.8], we can pick m0 > m such that
∑
i∈N λiai can be δ/2-m0-approximated
for all (λi)i ∈Wn. Then
∑
i∈N λiai can be δ-m0-approximated for all (λi)i ∈
D
N which is eventually zero. By Lemma 3.7, this implies that
∑
i∈N λiai can
be δ-m0-approximated for all (λi)i ∈ D
N; contradiction. 
Fix ε > 0 such that 432(ε/9)1/3 < δ/2 and for each r ∈ N let m(ε, r) be
given by Lemma 3.6 (this is where property A is used).
Claim 3.11. For all r, n ∈ N there exists (λi)i ∈ Qn such that
∑
i∈N λiai is
not ε-r-quasi-local.
Proof. Fix r, n ∈ N. Claim 3.10 gives (λi)i ∈ Qn such that
∑
i∈N λiai is
not δ/2-m(ε, r)-approximated. By Lemma 3.6,
∑
i∈N λiai is not ε-r-quasi-
local. 
By the claim, we can construct a sequence of disjoint intervals (Im)m ⊆ N
and (λi)i ∈ D
N such that
∑
i∈Im
λiai is not ε-m-quasi-local for all m ∈ N.
On the other hand, (
∑
i∈Im
λiai)m satisfies the hypothesis of Lemma 3.8,
hence
∑
i∈Im
λiai is ε-m-quasi-local for some m ∈ N; contradiction. 
Proof of Theorem 3.4. Fix n ∈ N and let
E = {(x, x′) ∈ X ×X | d(x, x′) ≤ n}.
Since Φ is strongly continuous, the sum
∑
(x,x′)∈E λxx′Φ(exx′) converges in
the strong operator topology to Φ(
∑
(x,x′)∈E λxx′exx′) for all (λxx′)(x,x′)∈E ∈
D
E. Lemma 3.9 says that for every δ > 0 there exists m ∈ N such that
Φ(
∑
(x,x′)∈E λxx′exx′) can be δ-m-approximated for all (λxx′)(x,x′)∈E ∈ D
E.
Since all contractions of propagation at most n belong to {
∑
(x,x′)∈E λxx′exx′ ∈
C∗u(X) | (λxx′)(x,x′)∈E ∈ D
E}, this gives us that Φ is coarse-like. 
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4. Making embeddings strongly continuous
The main result of this section is Theorem 4.3. When working with
embeddings Φ: C∗u(X) → C
∗
u(Y ), it is often useful to assume that Φ is
strongly continuous. This is a strenghtening of injectivity: since K(ℓ2(X))
is a minimal ideal strongly dense ideal in C∗u(X), all strongly continuous
(nonzero) ∗-homomorphisms between uniform Roe algebras are injective.
The following adaptation of [9, Example 3.2.1] shows that the converse does
not hold.
Proposition 4.1. Let X = {n2 | n ∈ N}. There exists an embedding
C∗u(X) → C
∗
u(X) which is not strongly continuous.
Proof. Let X1 = {(2n)
2 | n ∈ N}, X2 = {(2n + 1)
2 | n ∈ N}, and U
be a nonprincipal ultrafilter on N. Let f : X → X1 be the map f(n
2) =
4n2, so f is a bijective coarse equivalence. Hence, f induces an isomor-
phism Φ1 : C
∗
u(X) → C
∗
u(X1) (e.g., [3, Theorem 8.1]). We now define a
∗-homomorphism Φ2 : C
∗
u(X)→ C
∗
u(X2) as follows. For each A ⊆ X let
Φ2(χA) =
{
χX2 , if A ∈ U ,
0, if A 6∈ U .
Since U is an ultrafilter, Φ2 extends to a
∗-homomorphism Φ2 : ℓ∞(X) →
ℓ∞(X2). Since U is nonprincipal and C
∗
u(X) = C
∗(ℓ∞(X),K(ℓ2(X))), defin-
ing Φ2(a) = 0 for all a ∈ K(ℓ2(X)), we can extend Φ2 to a
∗-homomorphism
Φ2 : C
∗
u(X) → ℓ∞(X2) ⊆ C
∗
u(X2). As U is nonprincipal, Φ2(χF ) = 0 for all
finite F ⊆ N. As Φ2(1) 6= 0, Φ2 is not strongly continuous. Let
Φ = Φ1 ⊕ Φ2 : C
∗
u(X) → C
∗
u(X1)⊕ C
∗
u(X2) ⊆ C
∗
u(X).
Φ is an embedding which is not strongly continuous. 
The following is a straightforward consequence of [4, Lemma 3.4]4.
Lemma 4.2. Suppose X and Y are countable metric spaces and Φ: ℓ∞(X)→
B(ℓ2(Y )) is a strongly continuous
∗-homomorphism. Then for every finite
F ⊆ Y and every ε > 0 there exists a finite E ⊆ X such that ‖χFΦ(χA)‖ < ε
for all A ⊆ X \ E.
We can now prove the main result of this section.
Theorem 4.3. Let X and Y be u.l.f. metric spaces, and Φ: C∗u(X) →
C∗u(Y ) be an embedding. Assume that either
(i) Φ is compact preserving, or
(ii) Y has property A.
Then, there exists a projection p ∈ C∗u(Y ) in the commutator of Φ(C
∗
u(X))
such that
a ∈ C∗u(X) 7→ pΦ(a)p ∈ C
∗
u(Y )
is a nonzero strongly continuous ∗-homomorphism.
4More precisely, in [4, Lemma 3.4] one has C∗u(Y ) instead of B(ℓ2(Y )). However, this
is not used in the proof.
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Proof. Let (Xn)n be an increasing sequence of finite subsets ofX so thatX =⋃
nXn. Since (Φ(χXn))n is an increasing sequence of projections bounded
above by the projection Φ(1), we can define a projection
p = SOT- lim
n
Φ(χXn).
Since Φ is injective, p 6= 0 and Φ(1) ≥ p.
Claim 4.4. p commutes with Φ(C∗u(X)).
Proof. First notice that p commutes with Φ(K(ℓ2(X))). For this, it is enough
to show that p commutes with the image B(ℓ2(Xn)), for all n. Fix then
a = χXnaχXn = a. Since pΦ(χF ) = Φ(χF ) whenever F ⊆ X is finite, we
are done.
We now show the general statement. Let a ∈ C∗u(X). By the previous
paragraph, Φ(aχXn)p = pΦ(aχXn) for all n ∈ N. Hence, it follows that
Φ(a)p = Φ(a)p2 = SOT- lim
n
Φ(aχXn)p = SOT- limn
pΦ(aχXn) = pΦ(a)p
Similarly, we have that pΦ(a) = pΦ(a)p, so pΦ(a) = Φ(a)p, and we are
done. 
Let Φp = pΦp. By the claim, Φp is a ∗-homomorphism.
Claim 4.5. Φp is strongly continuous.
Proof. Let a ∈ C∗u(X) and (ak)k be a sequence in C
∗
u(X) converging to a in
the strong operator topology. We can assume a and each ak are contractions.
We want to show that for every ξ ∈ ℓ2(Y ) we have that
Φp(a)ξ = lim
k
Φp(ak)ξ.
Let H = Im(p). Since Φp(C∗u(X))[H
⊥] = 0, we can assume that ξ ∈ H. Let
ε > 0, and let ℓ ∈ N be large enough so that ‖Φ(χXℓ)ξ− ξ‖ < ε. Since Xℓ is
finite, aχXℓ = limk akχXℓ , which implies that Φ
p(aχXℓ) = limk Φ
p(akχXℓ).
Since Φ and Φp agree on K(ℓ2(X)), we have that
lim sup
k
‖Φp(ak)ξ − Φ
p(a)ξ‖ ≤ lim
k
‖Φp(akχXℓ)ξ − Φ
p(aχXℓ)ξ‖+ 2ε = 2ε.
Since ε is arbitrary we have the thesis. 
Claim 4.6. J = {A ⊆ X | Φ(χA) = Φ
p(χA)} is a ccc/Fin ideal
5.
Proof. As Φ(a) = pΦ(a)p + (1 − p)Φ(a)(1 − p) for all a ∈ C∗u(X) we have
that J = {A ⊆ X | Φ1−p(χA) = 0}. Let (Ai)i∈I be a uncountable family of
infinite subsets ofX which is almost disjoint, i.e., Ai∩Aj is finite for all i 6= j.
Since Φ1−p(χF ) = 0 for all finite F ⊆ X and Φ
1−p is a ∗-homomorphism, we
have that (Φ1−p(χAi))i∈I is an uncountable family of orthogonal projections
on ℓ2(Y ). Since Y is countable, this implies that {i ∈ I | Φ
1−p(χAi) = 0} is
uncountable, in particular, nonempty. 
5An ideal I ⊆ P(X) is ccc/Fin if every family of almost disjoint sets which are not in
I is countable.
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We are left to show that p ∈ C∗u(Y ) if Φ, or Y , are as in the hypotheses.
(i) Given a u.l.f. metric space Z, we define the uniform Roe corona of Z by
Q∗u(Z) = C
∗
u(Z)/K(ℓ2(Z)) and let πZ : C
∗
u(Z)→ Q
∗
u(Z) denote the quotient
map.6 If Φ(K(ℓ2(X))) ⊆ K(ℓ2(Y )), then Φ induces a
∗-homomorphism
Φ˜: Q∗u(X)→ Q
∗
u(Y ),
where Φp ↾ ℓ∞(X) lifts Φ˜ ↾ ℓ∞(X)/c0(X) on J , i.e.,
Φ˜ ◦ πX(χA) = πY ◦ Φ
p(χA)
for all A ∈ J . Since J is ccc/Fin, [4, Proposition 3.3] implies that Φp ↾
ℓ∞(X) is coarse-like, hence the image of Φ
p is contained in C∗u(Y ), and so
is p = Φp(1).
(ii) Suppose Y has property A and suppose that p = Φp(1) 6∈ C∗u(Y ).
By [26, Theorem 3.3], there exists ε > 0 so that for all s > 0 there exist
B,D ⊆ Y such that ∂(B,D) > s and ‖χDpχB‖ > 2ε. Without loss of
generality, B and D can be taken to be finite.
Claim 4.7. For all finite E0 ⊆ X and all s > 0 there exists a finite E ⊆
X \ E0 such that Φ
p(χE) is not ε-s-quasi-local.
Proof. If not, fix offenders E0 ⊆ X and s > 0. So, ‖χDΦ
p(χE)χB‖ ≤ ε for
all finite E ⊆ X \ E0 and all B,D ⊆ Y with dY (B,D) > s. Since E0 is
finite, Φp(χE0) ∈ C
∗
u(Y ) and, by enlarging s if necessary, we can assume that
Φp(χE0) is ε-s-approximated. Let Fin(X \ E0) = {E ⊆ X \ E0 | |E| < ∞}.
Since Φp is strongly continuous and p = Φp(1), it follows that
‖χDpχB‖ ≤ sup
E∈Fin(X\E0)
(
‖χDΦ
p(χE0)χB‖+ ‖χDΦ
p(χE)χB‖
)
≤ 2ε
for all finite B,D ⊆ Y with dY (B,D) > s; contradiction. 
By the previous claim, we can pick a disjoint sequence (En)n of finite
subset of X such that (Φp(χEn))n is not ε-n-quasi-local for all n ∈ N. How-
ever, since (Φp(χEn))n satisfies the hypothesis of Lemma 3.8, so Φ
p(χEn) is
ε-n-quasi-local for some n ∈ N; contradiction. 
The following is a trivial consequence of Theorem 4.3.
Corollary 4.8. Let X and Y be u.l.f. metric spaces. The following holds.
1. If C∗u(X) embeds into C
∗
u(Y ) by a compact preserving map, then
C∗u(X) embeds into C
∗
u(Y ) by a compact preserving strongly continu-
ous map.
2. If Y has property A and C∗u(X) embeds into C
∗
u(Y ), then C
∗
u(X) em-
beds into C∗u(Y ) by a strongly continuous map. 
Remark 4.9. If the assumption of property A is not necessary in Theorem 3.4
then every strongly continuous ∗-homomorphism ℓ∞ → C
∗
u(Y ) is coarse-like.
Given this, the projection p defined in Theorem 4.3 would automatically
6We refer the reader to [4] for a detailed study of uniform Roe coronas.
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belong to C∗u(Y ). For this, it is enough to show the following weak version
of Lemma 3.8: If ai are orthogonal projections in C
∗
u(Y ) such that for each
(λi)i∈N ∈ D
N the element
∑
λiai ∈ C
∗
u(Y ), then for every ε > 0 there is m
such that each ai can be ε-m-approximated. We were unable to prove this
without property A. See also Problem 8.5 and the paragraph following it.
4.1. Almost coarse-like maps. In §3, we studied the coarse-like property
for strongly continuous maps Φ: C∗u(X) → C
∗
u(Y ). In this subsection, we
introduce a weaker property, the almost coarse-like property, and prove some
results about it. Unlike in the coarse-like setting, this weaker property allows
us to forget the strong continuity condition.
Definition 4.10. Let X and Y be metric spaces, A ⊆ C∗u(X) and Φ: A→
C∗u(Y ) be a map. We say that Φ is almost coarse-like if for all m ∈ N and all
ε > 0 there exists k ∈ N such that Φ(a) can be ε-k-approximated for every
contraction a ∈ A with finite support and so that prop(a) ≤ m.
Proposition 4.11. Let X and Y be u.l.f. metric spaces and Φ: C∗u(X) →
C∗u(Y ) be a compact preserving
∗-homomorphism. Then Φ is almost coarse-
like.
Proof. If Φ is noninjective, then the kernel of Φ contains all compact oper-
ators, and in particular all operator of finite-dimensional range. Therefore
Φ(a) = 0 whenever a has finite-dimensional range, and Φ is obviously al-
most coarse-like. If Φ is injective, let Xn be finite sets with Xn ⊆ Xn+1
and
⋃
Xn = X. Let p = SOT- limΦ(χXn), and Φ
p(a) = pΦ(a)p for all
a ∈ C∗u(X). By Theorem 4.3, Φ
p is strongly-continuous. Hence, Proposi-
tion 3.3 implies that Φp is coarse-like. Since Φp and Φ agree on the set of
finite support elements, the thesis follows. 
The proof of the next proposition is analogous to the proof of Proposition
4.11, but with Theorem 3.4 being used instead of Proposition 3.3.
Proposition 4.12. Let X and Y be u.l.f. metric spaces and Φ: C∗u(X) →
C∗u(Y ) be a
∗-homomorphism. If Y has property A, then Φ is almost coarse-
like. 
5. Embeddings and geometry preservation
In this section, we prove the nontrivial part of Theorem 1.2 and as a
consequence obtain Corollary 1.3.
Lemma 5.1. Let X and Y be metric spaces and Φ: C∗u(X) → C
∗
u(Y ) be
a compact preserving embedding. Assume that every sparse subspace of Y
yields only compact ghost projections. Then
δ = inf
x∈X
sup
y∈Y
‖Φ(exx)eyy‖ > 0.
Moreover, if f : X → Y is a map such that ‖Φ(exx)ef(x)f(x)‖ ≥ δ for all
x ∈ X, then f is ⌊δ−2⌋-to-one.
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Proof. Since X is countable, enumerate X, say X = {xn | n ∈ N}. By
Claim 4.6, the set
I =
{
L ⊆ N | Φ
(∑
n∈L
exnxn
)
= SOT-
∑
n∈L
Φ(exnxn)
}
is a ccc/Fin ideal. For each n ∈ N, let pn = Φ(exnxn). The result now
follows straightforwardly from [4, Proposition 4.1] applied to the sequence
of finite rank projections (pn)n.
7
Let f : X → Y be a map such that ‖Φ(exx)ef(x)f(x)‖ ≥ δ for all x ∈ X.
Let y ∈ f(X) and F ⊆ X be such that f(x) = y for all x ∈ F . Since
(Φ(exx)δy)x∈X are orthogonal, it follows that
1 ≥
∥∥∥∑
x∈F
Φ(exx)δy
∥∥∥2 =∑
x∈F
‖Φ(exx)δy‖
2 ≥ δ2|F |.
Since
∑
x∈F Φ(exx) is a contraction, this implies that |F | ≤ δ
−2. 
Proof of Theorem 1.2 (2). By Corollary 4.8, there exists a compact preserv-
ing strongly continuous embedding Φ: C∗u(X) → C
∗
u(Y ). Let δ > 0 and
f : X → Y be the uniformly finite-to-one map given by Lemma 5.1.
Fix x0 ∈ X. Since Φ is compact preserving, Im(Φ(ex0x0)) is finite dimen-
sional. By our choice of δ and f , ‖Φ(exx)δf(x)‖ > δ for all n ∈ N. Therefore,
since Φ(exx)δf(x) ∈ Im(Φ(exx)) and Φ(exx0) ↾ Im(Φ(exx)) is an isometry
onto Im(Φ(ex0x0)), we have that
Φ(exx0)δf(x) ∈ D =
{
ξ ∈ ℓ2(Y ) | ‖ξ‖ ∈ [δ, 1]
}
∩ Im(Φ(ex0x0))
for all x ∈ X. By compactness of D, there exist k ∈ N and a partition
D =
⊔k
n=1Dn such that diam(Dn) < δ for all n ∈ {1, . . . , k}. For each
n ∈ {1, . . . , k}, let
Xn = {x ∈ X | Φ(exx0)δf(x) ∈ Dn}.
Clearly, X =
⊔k
n=1Xn and
(∗) |〈Φ(ex1x0)δf(x1),Φ(ex2x0)δf(x2)〉| >
δ2
2
for all n ∈ {1, . . . , k} and all x1, x2 ∈ Xn.
Claim 5.2. For each n ∈ {1, . . . , k}, the map f ↾ Xn is coarse.
Proof. Fix n ∈ {1, . . . , k} and let r > 0. By Proposition 4.11, there exists
s > 0 such that Φ(ex1x2) is δ
2/2-s-approximated for all x1, x2 ∈ X with
d(x1, x2) < r. In particular, for all x1, x2 ∈ X with d(x1, x2) < r, it follows
that
(∗∗) |〈Φ(ex1x2)δy1 , δf(y2)〉| ≤
δ2
2
7Precisely, the proof of [4, Proposition 4.1] starts by taking a an infinite L ⊆ N and
working with the subsequence (pn)n∈L. Since I is ccc/Fin, going to a further subsequence
we can suppose that L ∈ I . The proof now holds verbatim.
18 B. M. BRAGA, I. FARAH, AND A. VIGNATI
for all y1, y2 ∈ Y so that ∂(y1, y2) > s. Therefore, if x1, x2 ∈ Xn and
d(x1, x2) < r, (∗) and (∗∗) implies that ∂(f(x1), f(x2)) < s. 
Since f is uniformly finite-to-one, by splitting each Xn into finite many
pieces if necessary, we can assume that f ↾ Xn is injective for all n ∈
{1, . . . , k}. 
Proof of Corollary 1.3(1) and (2). (1): If asydim(Y ) = ∞, we are done.
So assume that Y has finite asymptotic dimension. In particular, Y has
property A [18, §11.5], so its subspaces yield only compact ghost projections.
Hence, by Theorem 1.2, there exist a partition X =
⊔k
n=1Xn so that Xn is
mapped into Y by a uniformly finite-to-one coarse map for all n ∈ {1, . . . , k}.
By Proposition 2.5, we have that asydim(Xn) ≤ asydim(Y ) for all n ∈
{1, . . . , k}. Hence, asydim(X) ≤ asydim(Y ) (see [2, Corollary 26]).
(2): Note that if X =
⊔k
n=1Xn, then X has property A if and only if each
Xn does; this follows for example from [19, Lemma 4.1]. By Theorem 1.2,
there exist a partition X =
⊔k
n=1Xn so that Xn is mapped into Y by an
injective coarse map fn : Xn → Y , for all n ∈ {1, . . . , k}. Suppose that
there is n such that Xn does not have property A, and let a ∈ C
∗
u(Xn) be a
noncompact ghost. Define b ∈ B(ℓ2(Y )) by
〈bδy , δy′〉 =
{
〈aδx, δx′〉 if y = fn(x) and y
′ = fn(x
′)
0 else.
Then b is a noncompact ghost. Moreover, since fn is coarse, b ∈ C
∗
u(Y ), a
contradiction to Y having property A. 
5.1. Rank preserving embeddings. We now improve Theorem 1.2 in
the case the embedding C∗u(X) → C
∗
u(Y ) satisfies the stronger property
of sending minimal projections to minimal projections. First, we need the
following lemma.
Lemma 5.3. Let X and Y be u.l.f. metric spaces and Φ: C∗u(X) → C
∗
u(Y )
be a rank preserving ∗-homomorphism. Then for all r, δ > 0 there exists s >
0 such that for all x1, x2 ∈ X and all y1, y2 ∈ Y we have that if d(x1, x2) ≤ r,
‖Φ(ex1x1)ey1y1‖ ≥ δ, and ‖Φ(ex2x2)ey2y2‖ ≥ δ, then ∂(y1, y2) ≤ s.
Proof. Suppose otherwise. Then there exist r, δ > 0, sequences (x1n)n and
(x2n)n in X, and sequences (y
1
n)n and (y
2
n)n in Y such that d(x
1
n, x
2
n) ≤ r,
‖Φ(ex1nx1n)ey1ny1n‖ ≥ δ, ‖Φ(ex2nx2n)ey2ny2n‖ ≥ δ, and ∂(y
1
n, y
2
n) ≥ n for all n ∈ N.
By Proposition 4.11, Φ: C∗u(X) → C
∗
u(Y ) is almost coarse-like, so there
exists s > 0 such that ∂(y, y′) ≥ s implies
|〈Φ(ex1nx2n)δy, δy′〉| < δ
2
for all n ∈ N. Fix n ∈ N such that ∂(y1n, y
2
n) > s.
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Since Φ is rank preserving, Φ(exx) is a rank 1 projection for all x ∈ X.
Hence, [4, Lemma 6.5] implies that
δ2 ≤ ‖Φ(ex2nx2n)ey2ny2n‖ · ‖Φ(ex1nx1n)ey1ny1n‖
= ‖ey2ny2nΦ(ex1nx2n)ey1ny1n‖
= |〈Φ(ex1nx2n)δy1n , δy2n〉|
< δ2;
contradiction. 
Theorem 5.4. Let X and Y be u.l.f. metric spaces and assume that all
the sparse subspaces of Y yield only compact ghost projections. If C∗u(X)
embeds into C∗u(Y ) by a rank preserving map, then there exists a uniformly
finite-to-one coarse map X → Y .
Proof. Let Φ: C∗u(X) → C
∗
u(Y ) be a rank preserving strongly continuous
embedding. Let f : X → Y be the uniformly finite-to-one map given by
Lemma 5.1. By Lemma 5.3, f is coarse. 
The following example shows that the conclusions of Theorem 1.2 and
Theorem 5.4 are not equivalent.
Proposition 5.5. There are u.l.f. metric spaces X and Y such that X
cannot be mapped into Y by a coarse uniformly finite-to-one map, but there
exist a partition X = X1 ⊔ X2 and injective coarse maps Xi → Y for
i ∈ {1, 2}.
Proof. Let
X1 = N
2 ∩
⋃
n∈N
[n2, n2 + n]× [0, n] and X2 = N× {0} \X1,
so X1,X2 ⊂ N
2 and X1 ∩X2 = ∅. Define
X = X1 ⊔X2 and Y = X1 × {0} ∪ {(0, 0)} × N,
so X ⊂ N2 and Y ⊂ N3, and endow X and Y with the standard subspace
metrics (see Figure 2), which we will denote by d. Clearly, Xi can be mapped
into Y isometrically for i ∈ {1, 2}.
Figure 2. The metric spaces X (left) and Y (right)
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Assume for a contradiction that there exists a coarse uniformly finite-to-
one map f : X → Y . Define
m0 = sup{d(f(x, y), f(z, w)) | d((x, y), (z, w)) ≤ 1},
so m0 <∞. Since the f ↾ N∪{0} is also coarse and uniformly finite-to-one,
there exists k0 ∈ N such that f((n, 0)) ∈ {(0, 0)} ×N for all n > k. Without
loss of generality, assume that
1. f((n, 0)) ∈ {(0, 0)} × (m0,∞), for all n > k0.
Since X1 (and its “tails”) has asymptotic dimension 2 and {(0, 0)} × N
has asymptotic dimension 1, the image of any “tail” of X1 under f must
intersect X1 × {0}. In other words, there exists a sequence (xi, yi)i in X1
and a strictly increasing sequence of natural numbers (ni)i such that
2. (xi, yi) ∈ [n
2
i , n
2
i + ni]× [0, ni] for all i ∈ N, and
3. f((xi, yi)) ∈ X1 × {0} for all i ∈ N.
Notice that, using (2), for each i ∈ N, there exists ℓ ∈ N and a path (xi, yi) =
(x
(0)
i , y
(0)
i ), . . . , (x
(ℓ)
i , y
(ℓ)
i ) = (n
2
i , 0) such that |(x
(j)
i , y
(j)
i )− (x
(j+1)
i , y
(j+1)
i )| =
1 for all j ≤ ℓ− 1. Hence, since f is coarse, (1) and (3) imply that
f−1({(0, 0)} × [0,m0]) ∩ [n
2
i , n
2
i + ni]× [0, ni] 6= ∅
for all i ∈ N. This contradicts the fact that f is uniformly finite-to-one. 
5.2. Finite decomposition complexity (FDC). This is a geometrical
property formally stronger than property A8 and weaker than finite asymp-
totic dimension. We now show that it is preserved by rank preserving embed-
dings of uniform Roe algebras. Since the definition of finite decomposition
complexity is technical and long and we will not use it directly, we omit it
and refer the reader to either [11, Definition 2.3] or [15, Definition 2.7.3].
We need the following definitions bellow.
Definition 5.6. Let X and Y be families of metric spaces.
1. The family X is bounded if supX∈X diam(X) <∞.
2. The family X is locally finite if supX∈X supx∈X |Br(x)| < ∞ for all
r > 0.
3. The family X is a subspace of Y if every X ∈ X is a subspace of some
Y ∈ Y.
4. A map of families F is a subset of
⋃
X∈X ,Y ∈Y{f : X → Y } such that
for all X ∈ X there exists Y ∈ Y and f : X → Y such that f ∈ F .
We write F : X → Y.
5. A map of families F : X → Y is uniformly finite-to-one if there exists
k ∈ N such that every f ∈ F is k-to-one.
Lemma 5.7. Let X be a family of metric spaces, Y be a family of u.l.f. met-
ric spaces, and let F : X → Y be a uniformly finite-to-one map of families.
8Notice that it is now known whether FDC and property A are equivalent.
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Let V be a bounded subspace of Y, and
F−1(V) = {f−1(V ) | V ∈ V, f ∈ F}.
Then for all R > 0 there exists L > 0 such that for all U ∈ F−1(V) there
exists k ∈ N and U1, . . . , Uk ⊆ U such that
1. U =
⋃k
i=1 Ui,
2. d(Ui, Uj) > R for all i 6= j, where d is the metric of U , and
3. diam(Ui) < L for all i ≤ k.
Proof. Fix R > 0. Since Y is locally finite and V is a bounded subspace
of Y, there exists N ∈ N such that supV ∈V |V | < N . Since F is uniformly
finite-to-one, it follows that
M = sup
U∈F−1(V)
|U | <∞.
The result now follows from Claim 2.6 for L =MR. 
Corollary 5.8. Let X and Y be u.l.f. metric spaces and assume that X
is mapped into Y by a coarse uniformly finite-to-one map. If Y has finite
dimension complexity, then X has finite dimensional complexity.
Sketch of the proof . This follows exactly as the proof of [12, §3.1.3] (or [15,
Theorem 2.8.4]) but with Lemma 5.7 substituting [12, Lemma 3.1.2] ([15,
Lemma 2.8.3]). 
Proof of Corollary 1.3(3). If Y has finite decomposition complexity, then
Y has property A [12, Theorem 4.3]. In particular, all sparse subspaces
of Y yield only compact ghost projections. By Theorem 1.2, there exist a
partition X =
⊔k
n=1Xn such that Xn is mapped by a uniformly finite-to-one
coarse map into Y for all n ∈ N. So, [12, 3.1.3] implies that Xn has FDC
for all n ∈ {1, . . . , k}. By [12, 3.1.7], X has FDC. 
5.3. The not compact preserving setting. In this subsection, we show
that the map f : X → Y obtained by Proposition 5.1 can still be obtained
without the compact preserving hypothesis on Φ: C∗u(X) → C
∗
u(Y ) if we
assume that Y satisfies a stronger geometric hypothesis, namely property
A. We refer the reader to §8 for further discussion on the not compact
preserving case.
Lemma 5.9. Let X and Y be metric spaces and Φ: C∗u(X) → C
∗
u(Y ) be an
embedding. Assume Y has property A. Then
δ = inf
x∈X
sup
y∈Y
‖Φ(exx)eyy‖ > 0.
Moreover, if f : X → Y is a map such that ‖Φ(exx)ef(x)f(x)‖ ≥ δ for all
x ∈ X, then f is ⌈δ−2⌉-to-one.
Proof. By Proposition 4.12, Φ is almost coarse-like. Therefore, there exists
m ∈ N such that Φ(exx) can be 1/8-m-approximated for all x ∈ X. For each
x ∈ X, let bx ∈ C
∗
u(Y ) be an element with propagation at most m such that
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‖Φ(exx) − bx‖ < 1/4. Since Φ is an embedding, ‖bx‖ > 3/4 for all x ∈ X.
Therefore, since Y has property A, Y has ONL and it follows that there
exists s > 0 such that for all x ∈ X, there exists a unit vector ξx ∈ ℓ2(Y )
with diam(supp(ξx)) < s such that ‖bxξx‖ > 1/2. So ‖Φ(exx)ξx‖ > 1/4 for
all x ∈ X. Since Y is u.l.f., M = supx∈X | supp(ξx)| < ∞. Hence, for each
x ∈ X, there exists y ∈ supp(ξx) such that ‖Φ(exx)δy‖ > 1/(4M).
Given δ > 0, the fact that a map f : X → Y such that ‖Φ(exx)ef(x)f(x)‖ ≥
δ for all x ∈ X is ⌈δ−2⌉-to-one follows as in the proof of Lemma 5.1. 
Unfortunately, even though we are able of obtaining the map f : X → Y
above, if one does not assume the embedding Φ: C∗u(X) → C
∗
u(Y ) to be
compact preserving, the map f has no reason to be coarse of even for X
to have a finite partition X =
⊔k
n=1Xn so that the restrictions f ↾ Xn are
coarse.
6. Embeddings onto hereditary subalgebras
The main goal of this section is to prove Theorem 1.4. Although we have
already seen that embedding between uniform Roe algebras does not imply
coarse embedding between the base spaces (Proposition 2.4), the situation
changes if the image of the embedding is a hereditary subalgebra.
Lemma 6.1. Let (X, d) and (Y, ∂) be metric spaces and Φ: C∗u(X) → C
∗
u(Y )
be an embedding onto a hereditary C∗-subalgebra of C∗u(Y ). Then
Φ(K(ℓ2(X))) = K(ℓ2(Y )) ∩ Φ(C
∗
u(X)).
Moreover, there exists an isometry U : ℓ2(X) → ℓ2(Y ) such that Φ(a) =
UaU∗ for all a ∈ C∗u(X). In particular, Φ is strongly continuous and rank
preserving.
Proof. LetA = Φ(C∗u(X)). SinceK(ℓ2(X)) is an ideal in C
∗
u(X), Φ(K(ℓ2(X)))
is an ideal in A. Hence, as A is hereditary, there exists an ideal I of C∗u(Y )
such that Φ(K(ℓ2(X))) = I ∩ A. Since I is an ideal in C
∗
u(Y ) and C
∗
u(Y )
contains all finite rank operators, K(ℓ2(Y )) ⊆ I. So,
K(ℓ2(Y )) ∩A ⊆ Φ(K(ℓ2(X))).
Since K(ℓ2(X))) is a simple C
∗-algebra, so is Φ(K(ℓ2(X))). Therefore, since
K(ℓ2(Y )) ∩A is a nontrivial ideal of Φ(K(ℓ2(X))), we conclude that
(1) K(ℓ2(Y )) ∩A = Φ(K(ℓ2(X))).
Since Φ ↾ K(ℓ2(X)) : K(ℓ2(X)) → Φ(K(ℓ2(X))) is an isomorphism and
Φ(K(ℓ2(X))) is a hereditary C
∗-subalgebra of K(ℓ2(Y )) (note if Φ is hered-
itary, it sends minimal projections to minimal projections), it is standard
and it follows, for example from adapting [14, Theorem 2.4.8], that there
exists an (not necessarily surjective) isometry U : ℓ2(X) → ℓ2(Y ) such that
Φ(a) = UaU∗ for all a ∈ K(ℓ2(X)).
Let H = U(ℓ2(X)). Then Φ(a)H
⊥ = 0 for all a ∈ C∗u(X). Indeed, since
Φ(a) = UaU∗ for all a ∈ K(ℓ2(X)), it is clear that Φ(a)H
⊥ = 0 for all
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a ∈ K(ℓ2(X)). Fix an arbitrary a ∈ C
∗
u(X) and ξ ∈ H
⊥. Let (bn)n be a
sequence of compact operators in C∗u(Y ) converging to Φ(a) in the strong
operator topology. Then (Φ(1)bnΦ(1))n is a sequence of compact operators
in A which converges strongly to Φ(a). So, Φ(a)ξ = limnΦ(1)bnΦ(1)ξ. By
(1), Φ(1)bnΦ(1)ξ = 0 for all n ∈ N, so Φ(a)ξ = 0.
Therefore, in order to show that Φ(a) = UaU∗ for all a ∈ C∗u(X), it is
enough to show that 〈Φ(a)e, f〉 = 〈UaU∗e, f〉 for all e, f in an orthonormal
basis of H. For that, let a ∈ C∗u(X) and x, y ∈ X, and notice that
〈Φ(a)Uδx, Uδy〉 = 〈eyyU
∗Φ(a)Uexxδx, δy〉
= 〈U∗UeyyU
∗Φ(a)UexxU
∗Uδx, δy〉
= 〈U∗Φ(eyy)Φ(a)Φ(exx)Uδx, δy〉
= 〈U∗Φ(eyyaexx)Uδx, δy〉
= 〈eyyaexxδx, δy〉
= 〈UaU∗Uδx, Uδy〉
(cf. [24, Lemma 3.1]). 
Lemma 6.2. Suppose X and Y are u.l.f. metric spaces and Φ: C∗u(X) →
C∗u(Y ) is an embedding onto a hereditary C
∗-subalgebra of C∗u(Y ). Then
for all r, δ > 0 there exists s > 0 such that for all x1, x2 ∈ X and all
y1, y2 ∈ Y , if d(x1, x2) ≥ s, ‖Φ(ex1x1)ey1y1‖ ≥ δ, and ‖Φ(ex2x2)ey2y2‖ ≥ δ,
then ∂(y1, y2) ≥ r.
Proof. Suppose otherwise. Then there exist r, δ > 0, sequences (x1n)n and
(x2n)n in X, and sequences (y
1
n)n and (y
2
n)n in Y such that d(x
1
n, x
2
n) ≥ n,
‖Φ(ex1nx1n)ey1ny1n‖ ≥ δ, ‖Φ(ex2nx2n)ey2ny2n‖ ≥ δ, and ∂(y
1
n, y
2
n) ≤ r for all n ∈ N.
Since d(x1n, x
2
n) ≥ n for all n ∈ N, by going to a subsequence, we can as-
sume that either (x1n)n or (x
2
n)n are sequences of distinct elements. Without
loss of generality, assume that (x1n)n is a sequence of distinct elements.
Claim 6.3. We can assume that both (y1n)n and (y
2
n)n are sequences of
distinct elements.
Proof. Suppose not. Then by going to a subsequence (and eventually swap-
ping y1n and y
2
n), we can assume that (y
2
n)n is constant. Then, since Y is
locally finite and ∂(y1n, y
2
n) ≤ r for all n ∈ N, by going to a further subse-
quence, we can assume that (y1n)n is also constant. As (x
1
n)n is a sequence
of distinct elements, (Φ(ex1nx1n))n is an orthogonal sequence of rank 1 pro-
jections. Hence, since ‖Φ(ex1nx1n)ey1ny1n‖ ≥ δ for all n ∈ N, this gives us a
contradiction. 
Assume both (y1n)n and (y
2
n)n are sequences of distinct elements. Hence,
since (Φ(ex1nx1n))n is an orthogonal sequence of rank 1 projections, by going
to a further subsequence, assume that
‖ey1my2mΦ(ex1nx1n)‖ < 2
−n−m−1δ2
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for all n 6= m.
Since (y1n)n and (y
2
n)n are sequences of distinct elements and ∂(y
1
n, y
2
n) ≤ r
for all n ∈ N,
∑
n∈N ey1ny2n converges in the strong operator topology to an
element in C∗u(Y ). As Φ(C
∗
u(Y )) is hereditary, there exists a ∈ C
∗
u(X) such
that
Φ(a) = Φ(1)
(∑
n∈N
ey1ny2n
)
Φ(1).
Claim 6.4. infn ‖ex2nx2naex1nx1n‖ ≥ δ
2/2.
Proof. By [4, Lemma 6.5], we have that
‖Φ(ex2nx2n)ey1ny2nΦ(ex1nx1n)‖ = ‖ey2ny2nΦ(ex2nx2n)‖ · ‖ey1ny1nΦ(ex1nx1n)‖ ≥ δ
2
for all n ∈ N. Therefore, for all n ∈ N, we have that
‖ex2nx2naex1nx1n‖ =
∥∥∥Φ(ex2nx2n)Φ(a)Φ(ex1nx1n)
∥∥∥
=
∥∥∥Φ(ex2nx2n)
( ∑
m∈N
ey1my2m
)
Φ(ex1nx1n)
∥∥∥
≥ ‖Φ(ex2nx2n)ey1ny2nΦ(ex1nx1n)‖ −
∑
m6=n
‖Φ(ex2nx2n)ey1my2mΦ(ex1nx1n)‖
≥
δ2
2
,
and the claim follows. 
Since a ∈ C∗u(X) and limn d(x
1
n, x
2
n) =∞, Claim 6.4 gives us a contradic-
tion. 
Proof of Theorem 1.4(i). Let Φ: C∗u(X) → C
∗
u(Y ) be an isomorphism onto
a hereditary C∗-subalgebra. By Lemma 6.1, Φ is rank preserving. Let
f : X → Y be the uniformly finite-to-one map given by Lemma 5.1. By
Lemma 5.3, f is coarse. By Lemma 6.2, f is expanding, so we are done. 
Proof of Corollary 1.5. By Theorem 1.4(i), it follows that X coarsely em-
beds into Y . Since Y coarsely embeds into a Hilbert space, so does X. The
result now follows from [3, Corollary 1.2]. 
6.1. Property A and injectivity. In this subsection, we show that if we
assume Y satisfies the stronger geometric condition of property A, then the
coarse embedding given by Theorem 1.4(i) can be assumed to be injective (cf.
[27, Corollary 6.13] and [4, Theorem 1.11]). We then prove Theorem 1.4(ii).
Assumption 6.5. Throughout the remainder of this subsection, fix u.l.f.
metric spaces (X, d) and (Y, ∂) with property A, and an embedding
Φ: C∗u(X)→ C
∗
u(Y )
such that there exists an isometry U : ℓ2(X) → ℓ2(Y ) so that Φ(a) = UaU
∗
for all a ∈ C∗u(X). Also, given x ∈ X, A ⊆ X, and δ > 0, we define
Yx,δ = {y ∈ Y | ‖Φ(exx)eyy‖ ≥ δ}, and YA,δ = ∪x∈AYx,δ.
EMBEDDINGS OF UNIFORM ROE ALGEBRAS 25
Lemma 6.6. For all γ > 0 and all ε > 0 there exists r > 0 such that for all
A ⊆ X and all B ⊆ Y with ‖Φ(χA)χBΦ(1)‖ > γ, there exists D ⊆ X with
diam(D) < r such that
‖Φ(χA∩D)χBΦ(1)‖ ≥ (1− ε)‖Φ(χA)χBΦ(1)‖.
Proof. Fix γ > 0 and ε > 0. Define a map Ψ: C∗u(Y ) → C
∗
u(X) by letting
Ψ(b) = U∗bU for all b ∈ C∗u(Y ). So, Ψ is a compact preserving strongly
continuous linear map, hence, by Proposition 3.3, Ψ is coarse-like. Since X
has property A, X has the operator norm localization [21, Theorem 4.1], so
[4, Lemma 7.2] gives r > 0 such that for all A ⊆ X and all B ⊆ Y with
‖χAΨ(χB)‖ > γ, there exists D ⊆ X with diam(D) < r such that
(2) ‖χA∩DΨ(χB)‖ ≥ (1− ε)‖χAΨ(χB)‖.
Fix A ⊆ X and B ⊆ Y with ‖Φ(χA)χBΦ(1)‖ > γ. Using that U is an
isometry onto the image of Φ(1), we have that
‖χAΨ(χB)‖ = ‖χAU
∗χBΦ(1)U‖
= ‖UχAU
∗χBΦ(1)U‖
= ‖UχAU
∗χBΦ(1)‖
= ‖Φ(χA)χBΦ(1)‖ > γ.
Let D ⊆ X be as in (2) with diam(D) < r. Analogously as in our previous
computation, we have that
‖Φ(χA∩D)χBΦ(1)‖ = ‖χA∩DΨ(χB)‖ and ‖Φ(χA)χBΦ(1)‖ = ‖χAΨ(χB)‖,
so we are done. 
The following follows from either [27, Lemma 6.7] or [4, Lemma 7.4(1)].
Indeed, the proof of [4, Lemma 7.4(1)] holds for any rank preserving ∗-
homomorphism Ψ: ℓ∞(X)→ C
∗
u(Y ). Hence, we choose to omit its proof.
Lemma 6.7. For all ε > 0 there exists δ > 0 such that ‖Φ(exx)χYx,δ‖ ≥ 1−ε,
for all x ∈ X. 
Lemma 6.8. For all ε > 0 there exists δ > 0 such that
‖Φ(χA)(1 − χYA,δ)Φ(1)‖ < ε,
for all finite subsets A ⊆ X. In particular, if ε > 0, then |A| ≤ |YA,δ| for all
A ⊆ X.
Proof. We prove the following stronger statement: for all ε > 0 there exists
δ > 0 such that for all finite subsets A,B ⊆ X with A ⊂ B,
‖Φ(χA)(1− χYB,δ )Φ(1)‖ < ε.
Suppose not, and fix ε > 0 and sequences (An)n and (Bn)n of finite subsets
of X with, for all n ∈ N, An ⊂ Bn and ‖Φ(χAn)(1− χYBn,1/n)Φ(1)‖ ≥ 2ε.
26 B. M. BRAGA, I. FARAH, AND A. VIGNATI
Claim 6.9. For every n ∈ N and every finite F ⊆ X there exist m > n, a
finite A ⊆ X \ F and a finite B ⊂ X with A ⊂ B such that ‖Φ(χA)(1 −
χYB,1/m)Φ(1)‖ > ε.
Proof. If not, fix n ∈ N and F ⊆ X such that
‖Φ(χA)(1 − χYB,1/m)Φ(1)‖ ≤ ε
for all finite A ⊆ X \ F , all B ⊂ X with A ⊂ B and all m > n. Since
F is finite, pick m > n large enough so that ‖Φ(χC)(1 − χYC,1/m)‖ < ε for
all C ⊆ F . In particular, ‖Φ(χC)(1 − χYD,1/m)‖ < ε for all C ⊆ F and all
D ⊂ X with C ⊂ D. The contradiction comes from
‖Φ(χAm)(1 − χYBm,1/m)Φ(1)‖ ≤ ‖Φ(χAm∩F )(1− χYBm,1/m)Φ(1)‖
+ ‖Φ(χAm\F )(1− χYBm,1/m)Φ(1)‖ < 2ε.
By Claim 6.9, redefining the sequence (An)n and passing to a subsequence,
we assume that the An’s are finite and disjoint, and that
‖Φ(χAn)(1− χYBn,1/n)Φ(1)‖ > ε,
for all n ∈ N.
LetWn = Y \YBn,δ. Since (An)n is a disjoint sequence of finite subsets and
‖Φ(χAn)χWnΦ(1)‖ > ε for all n, [4, Lemma 3.4] allows us to pick a sequence
(Yn)n of disjoint finite subsets of Y such that ‖Φ(χAn)χWn∩YnΦ(1)‖ > ε/2
for all n ∈ N. Therefore, Lemma 6.6 implies that there exists r > 0 and a
sequence (Dn)n of subsets of X such that diam(Dn) < r and
(∗) ‖Φ(χAn∩Dn)χWn∩YnΦ(1)‖ ≥ (1− ε)‖Φ(χAn)χWn∩YnΦ(1)‖,
for all n ∈ N.
Since X is u.l.f. and supn diam(Dn) ≤ r, there exists N ∈ N so that
supn |Dn| < N . Pick θ > 0 small enough so that 4Nθ
1/2 < ε(1 − ε).
By Lemma 6.7, pick n ∈ N large enough so that ‖Φ(exx)χYx,1/n‖ ≥ 1 −
θ for all x ∈ X. Since, for all x ∈ X, Φ(exx) is a rank 1 projection,
then Φ(exx)χYx,1/nΦ(exx) = λΦ(exx) for some λ ≥ (1 − θ)
2, and therefore
‖Φ(exx)(1− χYx,1/n)‖ < 2θ
1/2 for all x ∈ X. It follows that
‖Φ(χAn∩Dn)χWn∩YnΦ(1)‖ ≤ ‖Φ(χAn∩Dn)χWn‖(∗∗)
≤
∑
x∈An∩Dn
‖Φ(exx)(1− χYx,1/n)‖
≤ 4θ1/2|Dn|
≤
ε(1− ε)
2
,
for all n ∈ N. Therefore, inequalities (∗) and (∗∗) imply that
‖Φ(χAn)χBn∩YnΦ(1)‖ ≤
ε
2
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for all n ∈ N; contradiction.
We are left to show that, if ε > 0 then our choice of δ implies that |A| ≤
|YA,δ| for all A ⊆ X. Fix ε > 0 and let δ > 0 be given by the first statement
of the lemma. Notice that |A| = rankΦ(χA) and |YA,δ| = rank(χYA,δ ).
Suppose rank(Φ(χA)) > rank(χYA,δ). Let H = U(ℓ2(X)), so Φ(1) is the
projection onto H. Since corank(1− χYA,δ) = rankχYA,δ , we can pick
ξ ∈ Im(1− χYA,δ) ∩ Im(Φ(χA))
with norm 1. Since ξ ∈ Im(Φ(χA)) ⊆ H, this gives us that ‖Φ(χA)(1 −
χYA,δ)Φ(1)ξ‖ = ‖ξ‖ = 1; contradiction. 
Lemma 6.10. There exists δ > 0 and an injection f : X → Y such that
f(y) ∈ Yx,δ for all x ∈ X.
Proof. Let δ be given by Lemma 6.8 for some ε > 0. Define a map α : X →
P(Y ) by letting α(x) = Yx,δ for all x ∈ X. Since YA,δ =
⋃
x∈A α(x), the
choice of δ gives that
|A| ≤ |YA,δ| =
∣∣∣ ⋃
x∈A
α(x)
∣∣∣.
Therefore, by Hall’s marriage theorem, the required injection exists. 
Proof of Theorem 1.4(ii). We are going to prove that, in Y has property A,
the fact that C∗u(X) is isomorphic to a hereditary C
∗-subalgebra of C∗u(Y )
is equivalent to the existence of a coarse injection X → Y .
For the forward direction, let Φ: C∗u(X) → C
∗
u(Y ) be an isomorphism
onto a hereditary C∗-subalgebra and assume that Y has property A. By
Theorem 1.4(i), X coarsely embeds into Y , so X has property A. By Lemma
6.1, there exists an isometry U : ℓ2(X)→ ℓ2(Y ) such that Φ(a) = UaU
∗ for
all a ∈ C∗u(X). Hence, Assumption 6.5 holds. Let δ > 0 and f : X → Y be
the injective map given by 6.10. By Lemma 5.3, f is coarse. By Lemma 6.2,
f is expanding, so we are done.
For the backward direction, if f : X → Y is an injective coarse em-
bedding, then f : X → f(X) is a bijective coarse equivalence, so C∗u(X)
and C∗u(f(X)) are isomorphic (e.g., [3, Theorem 8.1]). Since C
∗
u(f(X)) =
χf(X)C
∗
u(f(X))χf(X), it follows that C
∗
u(f(X)) is a hereditary C
∗-subalgebra
of C∗u(Y ), so we are done. 
7. Digression on our geometric property
Given a u.l.f. metric space X, the property of all of X’s sparse subspaces
yielding only compact ghost projections is central in these notes. Therefore,
it is only natural to try to understand this property better. The most natural
question, in the context of large scale geometry, is whether this property is
preserved under coarse embeddings/equivalences. Although we were not
able to answer this question, there is a similar property which is indeed a
coarse invariant (Theorem 7.6). For that, we need to introduce a new object:
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the stable Roe algebra of X. See [24] for more details on stable Roe algebras
and other types of Roe algebras (see also Remark 7.8 below).
Let X be a metric space and H be a Hilbert space. We identify ℓ2(X)⊗H
with ℓ2(X,H) via the isomorphism which sends δx⊗v to the map u : X → H
such that u(x) = v and u(y) = 0 for all y 6= x. Given x ∈ X, let exx denote
the operator on ℓ2(X,H) such that
exxδz ⊗ v = 〈δz , δx〉δx ⊗ v.
For each a ∈ B(ℓ2(X,H)) and x, y ∈ X, let axy = eyyaexx. So axy can be
canonically identified with an element in B(H).
Definition 7.1. Let X be a u.l.f. metric space and H be the infinite di-
mensional separable Hilbert space. The stable Roe algebra of X, denoted
by C∗s(X), is the closure in B(ℓ2(X,H)) of the algebra of all operators
a ∈ B(ℓ2(X,H)) which satisfy the following:
1. a has finite propagation, i.e., there exists r > 0 such that axy = 0 for
all x, y ∈ X with d(x, y) > r, and
2. there exists a finite dimensional subspace Ha ⊂ H such that axy ∈
B(Ha) for all x, y ∈ X.
Clearly, the uniform Roe algebra coincides with C∗s(X) if H = C. Notice
also that C∗s(X) contains K(ℓ2(X,H)) and it is canonically isomorphic to
C∗u(X) ⊗K(H). We now define ghost operators in C
∗
s(X).
Definition 7.2. Let X be a metric space and let a ∈ C∗s(X). We say that a
is a ghost if for all ε > 0 there exists a bounded A ⊆ X such that ‖ax,y‖ < ε
for all x, y ∈ X \ A.
We can now define the desired geometric property which we prove it is a
coarse invariant.
Definition 7.3. Let X be a metric space. We say that the all sparse
subspaces of X yield only compact ghost projections in C∗s(X) if given a
sparse subspace X ′ ⊆ X, all the ghost projections in C∗s(X
′) are compact.
Clearly, the property above is (at least formally) more restrictive, than the
property of all sparse subspaces ofX yielding only compact ghost projections
(in C∗u(X)). On the other hand, if X coarsely embeds into a Hilbert space,
then all sparse subspaces ofX yield only compact ghost projections in C∗s(X)
– this follows analogously as [3, Lemma 7.3].
Lemma 7.4. Let X be a metric space and assume that X ′ =
⊔
nXn is
a sparse subspace of X so that C∗s(X
′) has a noncompact ghost projec-
tion. Then there exists a noncompact ghost projection p ∈ C∗s(X
′) such
that χXnpχXm = 0 for all n 6= m.
Proof. Let q ∈ C∗s(X
′) be a noncompact ghost projection. Clearly, it is
enough to find a projection p ∈ C∗s(X
′) with χXnpχpm = 0 for all n 6= m
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and such that p− q is compact. For each n ∈ N let qn = χXnqχXn and
q′ = SOT- lim
N
N∑
n=1
qn ∈
∏
n
B(ℓ2(Xn,H)).
Claim 7.5. The operator q − q′ is compact. In particular, q′ ∈ C∗s(X
′).
Proof. Let ε > 0. Since q ∈ C∗s(X
′), there exists a ∈ C∗s(X
′) of finite
propagation such that ‖q − a‖ < ε. Since X ′ =
⊔
nXn is sparse, we can
write a = c+ w, where both c and w have finite propagation, c ∈ C∗s(X
′) ∩∏
n B(ℓ2(Xn,H)), w ∈ K(ℓ2(X
′,H)), and χXnwχXn = 0 for all n ∈ N.
Therefore,
‖q′ − c‖ = sup
n
‖qn − χXncχXn‖
= sup
n
‖χXnqχXn − χXn(c+ w)χXn‖
≤ ‖q − (c+ w)‖
< ε.
Hence,
‖q − q′ − w‖ ≤ ‖q − (c+ w)‖ + ‖c− q′‖ ≤ 2ε.
Since w is compact and ε > 0 was arbitrary, we conclude that q − q′ is
compact. In particular, q′ = q − (q − q′) ∈ C∗s(X
′). 
Let An = B(ℓ2(Xn,H)). Consider the canonical quotient map
π : C∗s(X) → C
∗
s(X)/K(ℓ2(X,H)).
Then
π(q) ∈ π
(∏
An
)
=
∏
An/
(∏
An ∩ K(ℓ2(X,H))
)
∼=
∏
n
An/
⊕
n
An
and π(q) is a projection. By a standard argument, we can lift a projec-
tion in
∏
nAn/
⊕
nAn to a projection in
∏
nAn, so there is projection
p ∈
∏
n B(ℓ2(Xn,H) such that π(p) = π(q). 
Theorem 7.6. Let X be a metric space, Y be u.l.f. metric space and assume
that there exists a uniformly finite-to-one coarse map f : X → Y . If the
sparse subspaces of Y yield only compact ghost projections in C∗s(Y ), then
the same holds for X.
Proof. First, we are going to show that we can assume that f is injective.
Let ∂ be the distance on Y . Pick k ≥ 1 so that f is k-to-one. Let Yk =
Y × {1, . . . , k} and define a distance ∂k on Yk as
∂k((y, i), (y
′, j)) =
{
dY (y, y
′), if y 6= y′
1, if y = y′.
Note that
C∗s(Yk)
∼= C∗s(Y )⊗Mk
∼= C∗u(Y )⊗K(H) ⊗Mk
∼= C∗s(Y ),
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where Mk denotes the C
∗-algebra of k × k-matrices. Moreover, if a sparse
subspace Y ′ ⊆ Yk yields a noncompact ghost projection in C
∗
s(Yk), then
the corresponding sparse subspace {y ∈ Y | ∃i ≤ k((y, i) ∈ Y ′)} yields a
noncompact ghost projection in C∗s(Y ). In particular, sparse subspaces of
Y yield noncompact ghosts projections in C∗s(Y ) if and only if the same
happens to sparse subspaces of Yk. For each y ∈ Y , enumerate f
−1(y) =
{xy1, . . . , x
y
i } for some i ≤ k. Then each x ∈ X is equal to x
y
j for a unique y
and j, and we can define fk : X → Yk as fk(x
y
j ) = (y, j). Then fk is coarse
and injective. In order to avoid heavy notation, we let Y = Yk, ∂ = ∂k and
f = fk.
We now proceed by contradiction. Suppose that there is a sparse subspace
X ′ =
⊔
Xn ⊆ X yielding a noncompact ghost projection p ∈ C
∗
s(X). By
Lemma 7.4, we can assume that p ∈
∏
n B(ℓ2(Xn,H)). Let Zn = f
′(Xn).
Although
⊔
n Zn might not be a sparse subspace of Y because f is not
expanding, there is an infinite M ⊆ N such that Z ′ =
⊔
n∈M Zn is sparse.
Let q = χ⋃
n∈M Xn
, and p′ = qpq. Then p′ is a noncompact ghost projection.
Define r ∈ B(ℓ2(Y,H)) by
ryy′ =
{
p′xx′ , if y = f(x), y
′ = f(x′)
0, otherwise.
Since f is coarse, r = (ryy′)yy′∈Y belongs to C
∗
s(Y ). Moreover r is a non-
compact ghost projection such that r ∈
∏
n∈M B(ℓ2(Yn,H)). Therefore Z
′
is a sparse subspace of Y yielding a noncompact ghost projection. This is a
contradiction. 
Corollary 7.7. The property for a u.l.f. metric space X of its sparse sub-
spaces yielding only compact ghost projections in C∗s(X) is a coarse property.
Proof. Notice that, since X is u.l.f., any coarse embedding X → Y is uni-
formly finite-to-one. So the result follows from Theorem 7.6. 
Remark 7.8. Similarly to Definition 7.2, we can define ghost operators in the
Roe algebra C∗(X) and in the uniform algebra UC∗(X) (see [24, Example
2.2] for definitions). The proofs of Lemma 7.4 and Theorem 7.6 remains
valid for the property of all sparse subspaces yielding only compact ghost
projections in C∗(X) (or UC∗(X)).
8. Open problems
In this subsection, we gather the most important questions which this
paper leaves open. Firstly, our methods do not take care of not compact
preserving embeddings C∗u(X) → C
∗
u(Y ). It is therefore not clear whether
the conclusion of Corollary 1.3 holds for arbitrary embeddings.
Problem 8.1. Let X and Y be u.l.f. metric spaces such that C∗u(X) embeds
into C∗u(Y ).
1. Does it follow that asydim(X) ≤ asydim(Y )?
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2. If Y has FDC, does X have FDC as well?
A counterexample to Problem 8.1 would have to be very different in nature
from the spaces constructed in Proposition 2.4. A version of either Theorem
1.2 or Theorem 5.4 for not compact preserving embeddings would give us a
positive answer to Problem 8.1.
Problem 8.2. Let X and Y be u.l.f. metric spaces and assume that C∗u(X)
embeds into C∗u(Y ). Does it follow that there exists a uniformly finite-to-one
coarse map X → Y , or at least that X has a partition X =
⊔k
n=1Xn such
that each Xk can be mapped injectively into Y by a coarse map? What if Y
has property A, or if it coarsely embeds into a Hilbert space?
Although Proposition 5.5 implies that the conclusion of Theorem 1.2 is
strictly weaker than the existence of a uniformly finite-to-one coarse map
X → Y , the following local variant of Problem 8.2 remains open.
Problem 8.3. Are there u.l.f. metric spaces X and Y such that C∗u(X)
embeds into C∗u(Y ) by a compact preserving map but so that there is no
uniformly finite-to-one coarse map X → Y ?
By Theorem 4.3, we can often without loss of generality assume that
embeddings are strongly continuous. It would be very interesting to obtain
an analogous result for rank preservation and compact preservation. In
particular, this would imply a positive answer to Problem 8.1. Precisely, we
ask the following.
Problem 8.4. Let X and Y be u.l.f. metric spaces, and Φ: C∗u(X) → C
∗
u(Y )
be an embedding. Is there a projection p ∈ C∗u(Y ) in Φ(C
∗
u(X))
′ ∩ C∗u(Y )
such that
a ∈ C∗u(X) 7→ pΦ(a)p ∈ C
∗
u(Y )
is a rank preserving embedding? What if it is compact preserving? What if
Y has property A?
Corollary 1.3 gives us geometric properties which are preserved under
compact preserving embeddings of uniform Roe algebras. It would be inter-
esting to add property A and coarse embeddability into a Hilbert space to
this list of properties. Because of that, we ask the following.
Problem 8.5. Let X and Y be u.l.f. metric spaces and assume that there
exists a uniformly finite-to-one coarse map X → Y .
1. If Y has property A, does it follow that X has property A?
2. If Y coarsely embeds into a Hilbert space, does the same hold for X?
In [20, Theorem 1.1] it has been announced that a u.l.f. metric space
has property A if and only if C∗u(X) is exact. Since a C
∗-subalgebra of
an exact algebra is also exact, this result would give a positive answer to
Problem 8.5(1). The special case when X is a group with the Cayley metric
is well-known ([6, Theorem 5.1.6]).
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At last, in the spirit of §7, it would be interesting to know whether our
main geometric property is a coarse invariant.
Problem 8.6. Let X and Y be u.l.f. metric spaces and assume that Y
coarsely embeds into X. If all sparse subspaces of X yield only compact
ghost projections, does the same hold for Y ? What if X and Y are coarsely
equivalent?
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